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Singularity Analysis

1) Kinematic Equations

(Angle conventions taken from “A Method for Optimal Kinematic Design of Five-bar Planar
Parallel Manipulators” )
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Pl
The kinematic chain in polar form is written as:
Lei%a1 4 Lel¥1 = 2L + Lei%a2 4 Lei% 1.
Deriving in time and dividing by L:
éalej(0a1+g) + éplej(9p1+%> = 9a2ej<9a2+%) =+ 0.p2€j(9p2+§) 2.
In Cartesian form:
3.

éal Sln(9a1> + ép]. Sln(gpl) == 9a2 Sln(0a2> + ép2 Sln(9p2>
0,,cos(f,,) + épl cos(f,,) = 0,5 cos(6,5) + 9p2 cos(f,,)

2) Rotational Singularities
Let’s define

We want to find a form like

(taken from “Inverse kinematics and singularity analysis of a redundant parallel robot )

We can rearrange to have all the passive and active joint angles on one side:
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0,,sin(0,,) — 9p2 sin(f,,) = —épl sin(6,,) + 0,5 5i0(6,,5) 6
0,,cos(f,,) — 9p2 cos(fy) = —épl cos(0,,;) + 0,45 c0s(0,5) .

Convert it in matrix form

[Sin(epl) —Sin(epz)] lézﬂ] _ [_Sin(eal) Sin(0a2>:| léal} 7.

cos(ﬁpl) —cos(9p2) 9p2 —c08(0,1) cos(f,9) 9a2

With these two Jacobian we can analyze the singularities between the actuators and the rotation
of the passive joints:

det(J,) = cos(6,,) sin(f,,) —sin(6,,, ) cos(6,5) = sin(6,; — 6,,,) 8.
30, — 6, + krkeN 9.

This condition is asking for the 2nd and 3rd links to not be parallel.

If J, is invertible then we have:

w, = J g = Nygq 10.
AT = ; _COS(GPQ) Sin(elﬁ) |:_ Sin(eal) Sin(9a2):| _
T sin(0,, —0,,) | —cos(6,,) sin(6,,;) | [—cos(ba1) cos(Bag)|

11.

_ 1 left asan |
exercise to the reader|

— 1 Sin<0al o 91)2) Sin(9p2 - 0a2) _ [911 912]
sin(f,, — Gpl) sin(ﬁpl —0,5) 921 9o22

‘?pl _ [911 912} a:al 192.
02 921 922] | 0,9

3) Velocity Singularities
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From the linearized left side of the chain:

{6XE = L0, sin(0,,) — L0, sin(0,,) 3

6Yy = Ld6,, cos(f,,) + L0, cos(6,,;)

In matrix form:

o [5XE} _ L[— sin(6,;) —sin(Qpl)] lwall g laeal} "

0Yg cos(,;)  cos(0,,) | |90p 00,1

We have a relation between the angles of the left links and the velocity of the End Effector.
Ideally we would like a relation between the actuators and the velocity. We can use the relations

50,1 _[1 0] 01 5
59p1 911 912 éaQ '

v:Jf”[l 0] 0.“1 =A7q 16.
911 Y12] | 0,9

found in Equation 12 for that.

With

7 cos(0,,)  cos(0,,) | [911 912 B

N [—sin(@al) —sin(epl)] [ 1 0 ] B

17.
I —sin(6,,) — sin(le)gn — sin(@,pl)gl1
cos(0,1) + COS(9p1)912 COS(9p1)912
(N.b. In the MATLAB code ¢, g, are galled gl and g2 respectively)

In this case the singularity analysis is not as straightforward as the rotational case.

4) Inverse Kinematics

We can sample the Cartesian Workspace and see where det (Ag) =0.

Before doing that we need to find a function that given a Cartesian coordinate returns the joint
angles.
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B, = tan! (y) 18.
x
— Y
= tan~! 19.
Bz = tan (:c — 2L> 9
dy =V a? + y? 20.
d
-1 %
— ' 22.
Q= COS <2L>
d
—1( %2
= —= 23.
Qg = COS (2L>
Op1 = 51—y 24.
Ouz = B2 — Qg 25.
— Lsin(6,,)
0, = tan"" (yl) 26.
pl x — Lcos(,,)
— Lsin(6,5)
0 . — tan-! Y a2 27.
p2 =t (x—2L—Lcos(9a2)

5) Computer assisted analysis

Now that we have the inverse kinematic law it’s possible to analyze the properties of the robot.

1 for every sampled (x,y) in workspace
if distance(x,y) is feasible then
0,0

DL
calculate AZ(0,;6,,)

ar

calculate A7(6,,0,,)

wis 0, < inverseKinematics(x,y)

2
3
4
5 at

6 return [det(Ag),Az,det(Ag),Ag]
7 | else

3 return error
9 | end

10

end
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6) Results

Rotation Singularities
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Velocity Singularities
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